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LANDWEBER FLAT REAL PAIRS AND ER(n)-COHOMOLOGY.
NITU KITCHLOO, VITALY LORMAN, ANDW. STEPHENWILSON
ABSTRACT. We take advantage of the internal algebraic structure of the Bockstein spectral sequence con-
verging to ER(n)∗(pt) to prove that for spaces Z that are part of Landweber flat real pairs with respect to
E(n) (see Definition 2.9), the cohomology ring ER(n)∗(Z) can be obtained from E(n)∗(Z) by base change.
In particular, our results allow us to compute the Real Johnson-Wilson cohomology of the Eilenberg-
MacLane spaces Z = K(Z, 2m+ 1),K(Z/2q, 2m),K(Z/2,m) for any natural numbers m and q, as well as
connective covers of BO: BO,BSO,BSpin and BO〈8〉.
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1. INTRODUCTION
The Real Johnson-Wilson theories, ER(n) for n > 0 were first introduced in [HK01] and
further developed by the first and third authors in [KW07a]. They are a family of coho-
mology theories generalizing real K-theory, KO (which, 2-locally, is ER(1)). They are
not complex-oriented, and their coefficients contain 2-torsion. They are formed by taking
fixed points of a Z/2-action on the complex-oriented Johnson-Wilson theories, E(n). As
such, the Real Johnson-Wilson theories have proved to be remarkably amenable to com-
putations. For example, their properties were exploited in [KW08a, KW08b, Ban13] to
demonstrate some new nonimmersions of real projective spaces.
The goal of this paper is to describe a class of spaces, which includes certain Eilenberg-
MacLane spaces and connective covers of BO, whose ER(n)-cohomology may be com-
puted fromE(n)-cohomology entirely formally bymeans of base change. This paper adds
to a growing list of spaces whose ER(n)-cohomology is now known: [KW08a, KW08b,
Ban13, KW15b, Lor16, KLW16a] all provide further examples.
The results of this paper are farmore general than those in previous examples. As inmany
ER(n)-computations, our main tool is the Bockstein spectral sequence (BSS), developed
by the first and third authors in [KW08a, KW08b], which computes ER(n)-cohomology
from E(n)-cohomology. However, our methods bypass the finesse of seriously engaging
with BSS differentials that is required in other examples. Instead, we develop the frame-
work of Landweber flat real pairs (Definition 2.9), to which all of the spaces of interest in
this paper belong. This allows us to systematically produce permanent cycles in the BSS
in such a way that all differentials play out on the coefficients (in a suitable sense) leading
to a simple base change formula.
The statement of our general result requires an extensive collection of highly technical
definitions. However, the statement for our examples only requires one straightforward,
but exotic, definition.
Recall the coefficients for the p = 2 Johnson-Wilson theory E(n),
E(n)∗ = Z(2)[v1, v2, . . . , vn−1, v
±1
n ], with |vi| = −2(2
i − 1).
Definition 1.1. Let λ = λ(n) = 2n+2(2n−1−1)+1. ForZ a spacewithE(n)∗(Z) concentrated
in even degrees, we define an endomorphism of E(n)∗(Z) as follows. If z ∈ E(n)2k(Z), we
send z to zˆ := zv
k(2n−1)
n ∈ E(n)k(1−λ)(Z). Note that this is a map of rings (but not graded
rings), and it is in fact injective for n > 1 since vn is a unit and degrees scale by a nonzero
factor of (1 − λ) (see the following remark for the anomalous case of n = 1). We denote
its image by Eˆ(n)∗(Z). It is thus a subalgebra of E(n)∗(Z) and is isomorphic to E(n)∗(Z).
Note that the use of Eˆ(n)∗(−) here does not denote completion; we hope this will cause
no confusion.
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In the case where Z is a point, there is a canonical lift of Eˆ(n)∗ ⊂ E(n)∗ to a subalgebra of
ER(n)∗ along the inclusion of fixed points map ER(n)∗ −→ E(n)∗. In particular, vˆk maps
to vkv
−(2n−1)(2k−1)
n in E(n)∗.
Remark 1.2. As observed in [KW15b], the case n = 1 is anomalous since 1−λ = 0. Indeed,
the image of E(1)∗(Z) under the above (hat) map is the entire subalgebra E(1)0(Z) given
by elements in homogeneous degree zero and the map is not injective in this case. Nev-
ertheless, we define Eˆ(1)∗(Z) to be E(1)0(Z) for the rest of the paper and our arguments
will go through with only minor changes as indicated.
We can now state the main applications of our general result. Keep in mind that E(n)∗(Z)
is, in principle, known for all of the examples below (see Remark 1.4). The space B˜Spin
denotes the fiber of the map p1 : BSpin −→ K(Z, 4) (see also [KLW04, Proof of Theorem
1.13]).
Theorem 1.3. Let Z be any of the spaces K(Z, 2m + 1), K(Z/2q, 2m),K(Z/2,m) for arbitrary
natural numbersm and q, or the connective covers BO,BSO,BSpin, B˜Spin. Then the subalgebra
Eˆ(n)∗(Z) of E(n)∗(Z) lifts to a subalgebra of ER(n)∗(Z) which we denote by the same name and
which is formally isomorphic to E(n)∗(Z) (see Remark 1.2 for n = 1). Furthermore, the canonical
map
ER(n)∗ ⊗Eˆ(n)∗ Eˆ(n)
∗(Z) −→ ER(n)∗(Z),
is an isomorphism of graded algebras for all n.
Remark 1.4. For the spaces Z above, much is known about their E(n)-cohomology. For
example, for the K(Z, m), the Morava K-theory is known from [RW80]. Then [RWY98]
goes on to show that this implies BP ∗(K(Z, m)) and E(n)∗(K(Z, m)) are Landweber flat.
From this it is straightforward to compute the E(n)-cohomology completed at the ideal
I = (2, v1, . . . , vn−1). Things aremore complicatedwithout completion. Following [RWY98],
there are spaces andmapsK(Z, m) −→ Xm −→ Ym such thatE(n)
∗(K(Z, m)) is the algebra
quotient of E(n)∗(Xm) by the image of E(n)
∗(Ym), where E(n)
∗(Xm) and E(n)
∗(Ym) are
both power series rings on generators of known degrees (see [KLW04] for the analogous
sequences for connective covers of BO). The spaces Xm and Ym are torsion-free spaces
with well understood polynomial cohomology. In principle, the map is computable. Prac-
tice is another thing (see [RWY98, Section 8.5]). The difficulties involved with any attempt
to describe E(n)∗(K(Z, m)) more explicitly were what led to the definition of Landweber
flat real pairs below (Definition 2.9), which is a means of transferring our knowledge of
E(n)-cohomology over to ER(n)-cohomology.
Remark 1.5. Since ER(2)∗(K(Z, m + 1)) and ER(2)∗(K(Z/2q, m)) are trivial if m ≥ 2, the
present paper together with the computation of ER(2)∗(CP∞) in [Lor16] and the compu-
tation of ER(2)∗(K(Z/2q, 1)) in [KLW16a] completely describes the ER(2)-cohomology of
Eilenberg-MacLane spaces.
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Remark 1.6. As shown in [HM17], the theoryER(2) is (additively) equivalent to a version
of topological modular forms with level structure, TMF0(3), after suitable completion.
We also relate our computations by means of some short exact sequences.
Definition 1.7. Given maps of graded, augmented, topological ER(n)∗-algebras
A −→ B −→ C, we say that the sequence 1 −→ A −→ B −→ C −→ 1 is a short exact
sequence of completed graded ER(n)∗-algebras if the following is a short exact sequence of
ER(n)∗-modules:
0 −→ B⊗ˆI(A) −→ B −→ C −→ 0,
where I(A) denotes the augmentation ideal of A, and the completed tensor product is
taken over ER(n)∗.
The values of ER(n)-cohomology on the above spaces are compatible in the following
sense:
Theorem 1.8. There exist short exact sequences of completed ER(n)∗-algebras:
1 −→ ER(n)∗(K(Z/2, 1)) −→ ER(n)∗(BO) −→ ER(n)∗(BSO) −→ 1,
1 −→ ER(n)∗(K(Z/2, 2)) −→ ER(n)∗(BSO) −→ ER(n)∗(BSpin) −→ 1,
1 −→ ER(n)∗(BSpin) −→ ER(n)∗(B˜Spin) −→ ER(n)∗(K(Z, 3)) −→ 1,
1 −→ ER(n)∗(K(Z/2, 3)) −→ ER(n)∗(B˜Spin) −→ ER(n)∗(BO〈8〉) −→ 1.
Remark 1.9. Note in particular that for n ≤ 2, the spaces BO〈8〉 and B˜Spin are ER(n)-
equivalent. This follows from the fact that K(Z/2, 3) is E(n) and hence ER(n)-acyclic for
n ≤ 2.
Remark 1.10. Laures and Olbermann [LO] have essentially established the above result
for the TMF0(3)-cohomology of Z = BO〈8〉 using techniques of [KW15b]. However, their
result only holds afterK(2)-localization.
2. PRELIMINARIES AND THE GENERAL RESULT
We begin by recalling some definitions and notation. We will work with both Z/2-spaces
and Z/2-spectra. Unless noted otherwise, we will use the letter Y to denote a Z/2-space.
Z will also denote a space, but usually with trivial Z/2-action. When we refer to fixed
points or homotopy fixed points, we will always mean with respect to the group Z/2.
A (genuine) Z/2-equivariant spectrum E is a family of Z/2-spaces Ea+bα, indexed over
elements a+ bα of the real representation ring of Z/2, RO(Z/2), where α denotes the sign
representation, together with a compatible system of equivariant homeomorphisms
Ea−r+(b−s)α
≃
// Ωr+sαEa+bα
where the right hand side denotes the space of pointed maps (endowed with the con-
jugation action) from the one point compactification of the representation r + sα. The
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reader may refer to [HK01] for more details on Z/2-equivariant spectra. We will denote
by ER the homotopy fixed point spectrum of the Z/2-action on E. A canonical example
of a Z/2-spectrum is Real cobordism,MU, whose underlying nonequivariant spectrum is
complex cobordism, MU , studied first by Landweber [Lan68] and Araki and Murayama
[AM78, Ara79a, Ara79b], and more recently by Hu-Kriz [HK01]. The action of Z/2 is
induced by the complex conjugation action on the pre-spectrum representing MU in the
usual way.
The p = 2 Johnson-Wilson theory E(n) lifts to a Z/2-spectrum, E(n), defined as an MU
module by coning off certain equivariant lifts of the Araki generators vi for i > n, and
then inverting the lift of vn. We shall call these equivariant lifts by the same names, vi.
The Real Johnson-Wilson theories, ER(n), are defined as the homotopy fixed points of
E(n). In addition to E(n), we will also make use of the Z/2-spectra BP〈n〉, whose un-
derlying nonequivariant spectra are the truncated Brown-Peterson theories BP 〈n〉 (with
coefficients BP 〈n〉∗ = Z(2)[v1, . . . , vn]). In particular, we will be interested in the spaces
which comprise these spectra, BP〈n〉s+tα for various n, s, and t.
The bi-degrees of the equivariant lifts are given by |vi| = (2
i − 1)(1 + α). By diagonal
classes, we will mean homotopy classes in bi-degrees of the form k(1 + α). In [KW07a,
Claim 4.1], the first and third authors observed an invertible class y(n) ∈ piλ+α E(n), with
λ = λ(n) = 2n+2(2n−1 − 1) + 1. We will use this class to shift diagonal classes to integral
degrees as we will now describe.
Working with cohomological grading, let E be a Z/2-equivariant ring spectrum with
underlying spectrum E. Assume that Y is a Z/2-space and let E∗(1+α)(Y ) denote the
sub-ring of diagonal elements in the equivariant E-cohomology of Y i.e. E∗(1+α)(Y ) :=
pi0Maps
Z/2(Y,E∗(1+α)).
Remark 2.1. In [KLW16b, Theorem 1.2] we show that, restricted to the category of equi-
variant spaces, E(n) naturally gives rise to a multiplicative cohomology theory valued in
commutative MU-algebras. We further show that the map given by forgetting the Z/2-
action
ρ : E∗(1+α)(n)(−) −→ E∗(n)(−)
is an algebra homomorphism overMU∗(1+α)(−). Note that a stronger statement appears
in [HK01, Comment 5 on page 349] where the authors claim that E(n) is a homotopy com-
mutative, homotopy associative ring spectrum. Even though we have not been able to
verify that statement, the weaker multiplicative structure described in [KLW16b] suffices
to prove all results in this document as well as those in previous articles by the authors.
Now, given a class z ∈ E(n)k(1+α)(Y ), we may define the product ẑ := zy(n)k, which lives
in integral degree k(1−λ). Since the underlying nonequivariant class of y(n) is v2
n−1
n , this
map is an equivariant lift of the endomorphism given in Definition 1.1 in the following
sense. Letting ρ : E∗(1+α)(Y ) −→ E∗(Y ) denote the forgetful ring homomorphism as in the
remark above, we notice that the image of ρ belongs to the graded sub-group of elements
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in even degree. We now have the commutative diagram
E(n)∗(1+α)(Y )
̂
//
ρ

E(n)∗(1−λ)(Y )
ρ

if |z| = k(1 + α), z 7→ ẑ := zy(n)k
E(n)2∗(Y )
̂
// E(n)∗(1−λ)(Y ) if |z| = 2k, z 7→ ẑ := zv
k(2n−1)
n
Definition 2.2. For a space or spectrum Y , we call Maps(EZ/2+, Y ) the completion of Y
and say that Y is complete if the map Y −→ Maps(EZ/2+, Y ) is a Z/2-equivalence.
As shown by Hu and Kriz in [HK01, Theorem 4.1], the spectra E(n) are complete. Thus,
the homotopy fixed point spectra ER(n) := E(n)hZ/2 agree with the genuine fixed point
spectra E(n)Z/2. By definition we have: pi∗ER(n) = pi∗+0αE(n). It is shown in [KW07a,
Section 4] that the homotopy ring of ER(n) is a subquotient of a ring:
Z(2)[x, vˆ1, vˆ2, . . . , vˆn−1, v
±1
n ],
where x is an element of piλER(n). It is 2-torsion and x
2n+1−1 = 0. The classes vˆk ∈
ER(n)2n+2(1−2n−1)(2k−1) for k ≤ n are the hatted representatives of the diagonal Araki
classes mentioned above. The class vˆk maps to the class vkv
−(2n−1)(2k−1)
n under the canoni-
cal map from ER(n)∗ to E(n)∗.
The following property will be essential to generating permanent cycles in our computa-
tions.
Definition 2.3. A Z/2-space Y is said to have the weak projective property with respect
to a Z/2-spectrum E if the forgetful map ρ:
ρ : E∗(1+α)(Y ) −→ E2∗(Y ),
is an isomorphism of graded abelian groups.
Let us relate spaces with the weak projective property to the definitions from [KW07b]:
Definition 2.4. A Z/2-space X is said to be projective if
(1) H∗(X ;Z) is of finite type.
(2) X is homeomorphic to
∨
I(CP
∞)∧kI for some weakly increasing sequence of integers
kI , with the Z/2 action given by complex conjugation.
By a Z/2-equivariant H-space, we shall mean an H-space whose multiplication map is
Z/2-equivariant.
Definition 2.5. A Z/2-equivariant H-space Y is said to have the projective property if
there exists a projective space X , along with a pointed Z/2-equivariant map f : X −→ Y ,
such that H∗(Y ;Z/2) is generated as an algebra by the image of H∗f .
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Spaces with the projective property are not rare. Examples include MUk(1+α), BPk(1+α),
and BP〈n〉k(1+α) where this last is only for k < 2
n+1 (see [RW76, Theorem 1.3], [HH95,
Theorem 2.2], and the remarks following Definition 1.4 in [KW07b]). These spaces are
known to be complete (see [HK01, Theorem 4.1] and the appendix in [KW13]).
As suggested by our notation, spaces with the projective property also have the weak
projective property:
Theorem 2.6. Let Y be a Z/2-equivariant H-space with the projective property. Let E denote
any completeMU-module spectrum with underlying spectrum E, satisfying the property that the
forgetful map: ρ∗ : E∗(1+α) −→ E2∗, is an isomorphism. Then the space Y has the weak projective
property with respect to E. In other words, the following map is an isomorphism of MU∗(1+α)
modules:
ρ : E∗(1+α)(Y ) −→ E2∗(Y ).
Remark 2.7. Notice that if Y is complete, then its homotopy fixed points, Y hZ/2, are equiv-
alent to its fixed points, Y Z/2. Consequently, for a complete space Y , the (equivariant)
inclusion Y Z/2 ⊆ Y may be replaced by the inclusion of the homotopy fixed points Y hZ/2
(endowed with the trivial action) into the space Y . This offers us a technical advantage
since it allows us to invoke the homotopy fixed point spectral sequence (see Section 5).
We will therefore implicitly assume for the the rest of the paper that all spaces Y with
the projective property are already complete. Indeed, any possibly uncompleted spaces
Y with the projective property can be completed without changing E∗(1+α)(Y ) or E2∗(Y ).
So one may complete a space with the projective property (unless already complete) in
order to ensure the technical requirement above.
Two complete spectra that satisfy the conditions of Theorem 2.6,Maps(EZ/2+,BP〈n〉) and
E(n), will be relevant to us in this paper.
Now given a space Y with the weak projective property, we may invert ρ and then ‘hat’
elements to construct an isomorphism of rings that scales degrees by (1− λ)/2:
ψY : E(n)
2∗(Y ) −→ E(n)∗(1−λ)(Y ), z 7−→ ρ̂−1(z)
Restricting to Y = pt, we observe that ψ(vk) := ψpt(vk) = vˆk for k ≤ n. Let Eˆ(n)
∗ ⊆
ER(n)∗ = E(n)∗(pt) denote the image of ψ. Then ψ gives an abstract isomorphism of
rings (but not graded rings) between E(n)∗ and Eˆ(n)∗.
Remark 2.8. As in Remark 1.2, we have to treat the case n = 1 separately. In this special
case, we define the domain of ψY to beE(1)
0(Y ) in order to ensure that themap is injective
and the following theorems still hold.
We now get to the main definition of this article:
Definition 2.9. Let Z be a (nonequivariant) space. Suppose there exists a Z/2-equivariant
space Y with the weak projective property with respect to E(n), equipped with a map
g : Z −→ Y Z/2 which satisfies the following properties:
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(i) The composite Z
g
// Y Z/2
i
// Y , where i denotes the inclusion of fixed points,
induces a surjection on E(n)∗(−).
(ii) The composite χZ , defined as the restriction of ψY above along (i ◦ g)
∗,
E(n)2∗(Y )
ψY
// E(n)∗(1−λ)(Y )
(i◦g)∗
// E(n)∗(1−λ)(Z) ER(n)∗(1−λ)(Z)
factors through the map E(n)2∗(Y )
(i◦g)∗
// E(n)2∗(Z) .
Recall that for n = 1, by definition, we restrict the domain of ψY to E(1)
0(Y ).
Then we call the pair (Y, Z) a real pair with respect to E(n). If in addition, the 2-completed
BP cohomology of Z is Landweber flat, then we say that the real pair is Landweber flat.
The main result of this article is now straightforward to state.
Theorem 2.10. Let (Y, Z) be a Landweber flat real pair with respect toE(n). Let Eˆ(n)∗(Z) denote
the image of χZ (above) and let ϕZ : E(n)
2∗(Z) −→ ER(n)∗(1−λ)(Z) denote the factorization.
Then ϕZ is injective and induces an isomorphism of algebras:
ER(n)∗ ⊗Eˆ(n)∗ Eˆ(n)
∗(Z) −→ ER(n)∗(Z).
Note that the notation for the subalgebra Eˆ(n)∗(Z) of ER(n)∗(Z) does not conflict with the sub-
algebra of E(n)∗(Z) of the same name in Definition 1.1 as the two subalgebras are isomorphic via
ER(n)∗(Z) −→ E(n)∗(Z).
Remark 2.11. Notice that as a subalgebra of ER(n)∗(Z), Eˆ(n)∗(Z) does depend on the
space Y . However, as noted above, it is abstractly isomorphic to E(n)∗(Z) after a suitable
rescaling of the degrees, and its image as a subalgebra of E(n)∗(Z) does not depend on
Y . See also Remark 5.6.
Remark 2.12. In the statement of the above theoremwe follow the convention introduced
in [RWY98, Definition 1.5] of replacing E(n) by its 2-adic completion when lim1BP (Zm)
is non-zero, where Zm denote the finite skeleta of Z. This allows us to eradicate any
phantom maps in cohomology. All arguments presented in this article also hold after
2-completion and so we may conveniently suppress the completion from the notation.
Additionally, as in [RWY98], for any cohomology theory E, we denote by E∗(Z1)⊗ˆE
∗(Z2)
the inverse limit of the tensor products (over E∗) of the E-cohomology of the (skeletal)
filtration quotients of E∗(Z1) and E
∗(Z2).
With the above convention understood, we will also prove the following useful theo-
rem which allows us to generate more computational examples by taking smash prod-
ucts. This lifts the E(n)-based Kunneth isomorphism for spaces whose BP -cohomology
is Landweber flat (which follows from [Wil99, Theorem 1.8 and Proposition 1.9]).
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Theorem 2.13. Assume (Ya, Za), and (Yb, Zb) are two Landweber flat real pairs with respect to
E(n). Then the pair: (Ya ∧ Yb, Za ∧ Zb) is a Landweber flat real pair, and the completed Kunneth
isomorphism (over the coefficients) holds in (reduced) ER(n)-cohomology:
E˜R(n)∗(Za ∧ Zb) = E˜R(n)
∗(Za)⊗̂E˜R(n)
∗(Zb).
In this article, we will show that several familiar spaces belong to Landweber flat real
pairs. This, together with Theorem 2.6, will give the content of Theorem 1.3 above. As
examples, we have that, for arbitrary natural numbersm and q, the spaces Z = K(Z, 2m+
1), K(Z/2q, 2m) and K(Z/2,m) are parts of Landweber flat real pairs with respect to E(n)
for arbitrary n. In addition, the connective covers BO,BSO,BSpin, B˜Spin, and BO〈8〉 also
belong to Landweber flat real pairs with respect to E(n), with the last case only holding
for n ≤ 2. Here the space B˜Spin denotes the fiber of the map p1 : BSpin −→ K(Z, 4) and it
belongs to the fibrations
K(Z, 3) −→ B˜Spin −→ BSpin and BO〈8〉 −→ B˜Spin −→ K(Z/2, 3).
3. BACKGROUND: THE BOCKSTEIN SPECTRAL SEQUENCE
The ideas used in this article were implicit in the paper [KW15b] where the first and third
authors computed ER(n)∗(BO(q)). The main tool that was exploited was the internal
structure of a spectral sequence known as the Bockstein spectral sequence. Let us briefly
recall the construction of this spectral sequence:
In [KW07a, Theorem 1.6], the first and third authors constructed a fibration of spectra:
ΣλER(n) −→ ER(n) −→ E(n)
with the first map given by multiplication with the (2n+1 − 1)-nilpotent class x described
above. Consequently this fibration leads to a convergent spectral sequence which we
call the Bockstein spectral sequence. The main properties of this spectral sequence are
described explicitly by the following theorem. For further properties of this spectral se-
quence, see [KW15b, Theorem 2.1].
Theorem 3.1. [KW15b] For X a spectrum, the above fibration yields a first and fourth quadrant
spectral sequence of ER(n)∗-modules, Ei,jr (X)⇒ ER(n)
j−i(X). The differential dr has bi-degree
(r, r + 1) for r ≥ 1. The E1-term is given by: E
i,j
1 (X) = E(n)
iλ+j−i(X), with
d1(z) = v
−(2n−1)
n (1− c)(z), where c(vi) = −vi.
The differential dr increases cohomological degree by 1+ rλ between the appropriate sub-quotients
of E(n)∗(X).
Remark 3.2. When X is a space, notice that there is a canonical class in E1,−λ+11 (X) corre-
sponding to the unit element under the identification E1,−λ+11 (X) = E(n)
0(X). This class
represents the element x ∈ ER(n)−λ, and we call it by the same name. It is a permanent
cycle and we may use this class to simplify the notation.
E∗,∗1 (X) = E
0,∗
1 (X)[x] = E(n)
∗(X)[x], |x| = (1,−λ+ 1).
d1(z) = x v
−(2n−1)
n (1− c)(z), where vn ∈ E
0,−2(2n−1)
1 .
Remark 3.3. Depending on whether one truncates the multiplication by x tower, there are
two spectral sequences that can arise from the above. One converges to ER(n)∗(X) (as in
[KW15b, Lor16]), the other to 0 (as in [KW08a, KW08b, KLW16a]). In the latter case, one
must go back to reconstruct the answer from the differentials. Both have their advantages
and ultimately contain equivalent information, but it is the truncated BSS converging to
ER(n)∗(X) that we use in this paper.
Let us now recall the structure on this spectral sequence as developed in [KW15b]. The
Bockstein spectral sequence is a spectral sequence of modules over ER(n)∗. Recall the
map ψ : E(n)∗ −→ ER(n)∗ above defined by ψ(vk) = vˆk for k ≤ n, with Eˆ(n)
∗ being
defined as the image of ψ. Recall also that Eˆ(n)∗ is abstractly isomorphic to E(n)∗ via the
map ψ that scales degrees by (1−λ)/2. It was shown in [KW15b] that the entire Bockstein
spectral sequence for a point belongs to the category of E(n)∗E(n)-comodules which are
finitely presented as E(n)∗-modules, which implies the following theorem:
Theorem 3.4. [KW15b, Theorem 4.3] Suppose M is Landweber flat Eˆ(n)∗-module, and let
(E∗, d∗) denote the Bockstein spectral sequence for X = pt. Then (M ⊗Eˆ(n)∗ E∗, idM ⊗Eˆ(n)∗d∗) is
a spectral sequence of ER(n)∗-modules that converges toM ⊗Eˆ(n)∗ ER(n)
∗.
4. PROOF OF THE MAIN THEOREMS
We now proceed to prove the main theorems stated in the introduction.
Proof. (of Theorem 2.6). Recall that by definition of the projective property, there is a pro-
jective space X so that there is a Z/2-equivariant pointed map f : X −→ Y , whose image
generates the mod 2 homology. It follows that H∗(Y,Z/2) is even, and so H∗(Y,Z(2)) is
free. The James construction produces a Z/2-equivariant space JX and, since Y is an
equivariant H-space, the map f : X −→ Y extends to a map f ′ : JX −→ Y given
by sending an m-tuple to the product of its components in Y . The map f ′ is evidently
Z/2-equivariant and induces a surjection on H∗(−;Z(2)). The Atiyah-Hirzebruch spectral
sequence now shows that MU∗(JX), and MU∗(Y ) are free MU∗-modules, and the map
MU∗(JX) −→ MU∗(Y ) is split surjective. We may choose a basis {γ1, γ2, . . . } for a sub-
space of MU∗(JX) on which MU∗(f
′) is an isomorphism by choosing it on the E2-page
of the spectral sequence. The next step is to pick equivariant representatives for these
classes.
The stable splitting Σ∞JX ≃
∨
j≥1(Σ
∞X)∧j is Z/2-equivariant (see [LMS, VII.5]). Now
consider the spectral sequence constructed using the cellular filtration of JX induced by
the canonical (equivariant) cellular filtration of the projective space X , and converging to
MU⋆(JX) (i.e. the Z/2-equivariant Atiyah-Hirzebruch spectral sequence of [HK01]). In
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the above stable splitting, each summand is projective, and sinceMU is Real-oriented, the
spectral sequence collapses for projective spaces. This yields thatMU⋆(JX) is a freeMU⋆-
module on diagonal generators. Forgetting the Z/2-action, these become the generators
of MU∗(JX), so we may choose a subset of the diagonal generators which lift the γi ∈
MU∗(JX) above. We call these by the same name.
Since MU⋆(JX) is free, MU ∧ JX is a free MU-module spectrum on a generating set of
finite typeMU ∧ JX =
∨
iΣ
ki(1+α)MU where {k1, k2, . . .} is a weakly increasing sequence
of non-negative integers. The degrees of the (diagonal) γi give a suitable subsequence
{β1, β2, . . .} in {k1, k2, . . .} so that we get a Z/2-equivariant map:
∨
Σβi(1+α)MU −→ Y ∧MU
which is a (non-equivariant) equivalence. On freeing up our spectra, it follows that we
have an equivariant equivalence ofMU-module spectra
∨
Σβi(1+α)EZ/2+ ∧MU −→ EZ/2+ ∧ Y ∧MU.
Mapping out of the above equivalence in the category ofMU-module spectra, and using
the completeness of Ewe have that E⋆(Y ) is a free module over E⋆ on the classes γi:
E⋆ (Y ) = E⋆〈〈γ1, γ2, . . .〉〉.
It follows that the forgetful map ρmaps E∗(1+α)(Y ) isomorphically onto E2∗(Y ). 
Remark 4.1. Though beyond the conclusion of Theorem 2.6 we do not use this fact here,
we note that the above proof in fact computes the entire RO(Z/2)-graded E-cohomology
of Y .
Remark 4.2. Note that if Ya and Yb are spaces with the projective property, then Ya ∧ Yb is
not necessarily an H-space and thus may not have the projective property. However, the
above proof still shows that Ya ∧ Yb does have the weak projective property. This is used
in the proof of Theorem 2.13 below.
Let us proceed to the proof of Theorem 2.10.
Proof. (of Theorem 2.10). We will first prove the theorem for n > 1, then discuss the
changes necessary to prove it for n = 1. Let Z be a space whose 2-completed BP -
cohomology is Landweber flat. Then, by [Wil99, Proposition 2.1], E(n)∗(Z) is Landweber
flat with respect to E(n) as well. Assume that Z is endowed with a map g : Z −→ Y Z/2
for some space Y with the weak projective property and so that E(n)∗(Y ) surjects onto
E(n)∗(Z). Finally, assume that the map:
χZ : E(n)
2∗(Y ) −→ E(n)∗(1−λ)(Y ) −→ ER(n)∗(1−λ)(Z),
factors through E(n)2∗(Z) and let ϕZ : E(n)
2∗(Z) −→ ER(n)∗(1−λ)(Z) denote this factor-
ization:
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E(n)2∗(Y )
χZ
//
(i◦g)∗

ER(n)∗(1−λ)(Z)
E(n)2∗(Z)
ϕZ
66
♠
♠
♠
♠
♠
♠
♠
♠
♠
♠
♠
♠
The composite of ϕZ and the canonical map ι : ER(n)
∗(1−λ)(Z) −→ E(n)∗(1−λ)(Z) is noth-
ing other than the algebra homomorphism
ιϕZ : E(n)
2∗(Z) −→ E(n)∗(1−λ)(Z), z 7−→ zv(2
n−1)|z|/2
n .
which is injective since vn is invertible (and 1 − λ 6= 0). From this it follows that ϕZ is
injective. Now notice by definition that the sub algebra Eˆ(n)∗(Z) ⊆ ER(n)∗(Z) consists
of permanent cycles. In addition, Eˆ(n)∗(Z) is Landweber flat. Hence, invoking Theorem
3.4, we get a map of spectral sequences:
Er ⊗Eˆ(n)∗ Eˆ(n)
∗(Z) −→ Er(Z),
representing the canonical mapER(n)∗⊗Eˆ(n)∗ Eˆ(n)
∗(Z) −→ ER(n)∗(Z), and where Er de-
notes the Bockstein spectral sequence for a point, and Er(Z) denotes the Bockstein spectral
sequence for the space Z. We claim that this map is an isomorphism at the E1-stage, and
thus at the E∞-stage. Indeed, using the description of the E1-page in Remark 3.2 and the
isomorphism E(n)∗(Z) ∼= E(n)∗ ⊗Eˆ(n)∗ Eˆ(n)
∗(Z), we have
E1(Z) ∼= E(n)
∗(Z)[x]
∼= (E(n)∗ ⊗Eˆ(n)∗ Eˆ(n)
∗(Z))[x]
∼= E(n)∗[x]⊗Eˆ(n)∗ Eˆ(n)
∗(Z)
∼= E1 ⊗Eˆ(n)∗ Eˆ(n)
∗(Z)
Thus, this map of spectral sequences represents an isomorphism at the E∞-stage, and
hence must represent an isomorphism.
If n = 1 (and hence 1 − λ = 0), then the following changes are necessary. The domain of
ψY is defined to be E(1)
0(Y ), and we assume that the map
χZ : E(1)
0(Y ) −→ ER(1)0(Z)
factors through E(1)0(Z). We let ϕZ : E(1)
0(Z) −→ ER(1)0(Z) denote this factorization.
The map
ιϕZ : E(1)
0(Z) −→ E(1)0(Z)
is then the identity map when n = 1 and the subalgebra Eˆ(n)∗(Z) of E(n)∗(Z) is replaced
by E(1)0(Z) (and Eˆ(n)∗ is replaced by E(1)0). As E(1)0(Z) is Landweber flat, we obtain a
map of spectral sequences
Er ⊗E(1)0 E(1)
0(Z) −→ Er(Z).
The same argument as above (in particular, the fact thatE(1)∗(Z) ∼= E(1)∗⊗E(1)0E(1)
0(Z))
then gives the desired isomorphism.

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Proof. (of Theorem 2.13). First, observe that the space Ya ∧ Yb has the weak projective
property by Remark 4.2. Also, the Kunneth isomorphism in Morava K-theory implies
that Za ∧ Zb has even Morava K-theory. It follows by [RWY98, Lemma 5.5] that the 2-
completed BP cohomology of Za∧Zb is Landweber flat. Note that by [Wil99, Proposition
2.1], it follows that the E(n)-cohomology of Za∧Zb is Landweber flat with respect to E(n)
as well.
Define the map g by the composite
Za ∧ Zb
ga∧gb
// Y
Z/2
a ∧ Y
Z/2
b
// (Ya ∧ Yb)
Z/2
We will now prove that (i) and (ii) of Definition 2.9 hold. Consider the cofiber sequences
Za
i◦ga
// Ya
ha
// C(i ◦ ga) and Zb
i◦gb
// Yb
hb
// C(i ◦ gb)
By our assumptions, both of these give rise to short exact sequences in E(n)-cohomology.
It now follows from the fact that all spaces under consideration have evenly graded
E(n)-cohomology that the above cofibrations give rise to short exact sequences of evenly
graded modules in K(n)-cohomology. Smashing with the identity maps on Yb and Za,
respectively, the following give rise to short exact sequences in K(n)-cohomology:
Za ∧ Yb
(i◦ga)∧1
// Ya ∧ Yb
ha∧1
// C(i ◦ ga) ∧Yb and Za ∧ Zb
1∧(i◦gb)
// Za ∧ Yb
1∧hb
// Za ∧ C(i ◦ gb)
Invoking [RWY98, Lemma 7.1], we see that these also induce short exact sequence in
(reduced) E(n)-cohomology. This establishes the following natural isomorphisms:
E˜(n)∗(Za ∧ Zb) =
E˜(n)
∗
(Ya ∧ Yb)
〈h∗a + h
∗
b〉
=
E˜(n)
∗
(Ya)⊗̂E˜(n)
∗(Yb)
〈h∗a + h
∗
b〉
,
with the second isomorphism following from the Atiyah-Hirzeburch spectral sequence
for Ya and Yb which collapses due to the fact that they have evenly graded torsion-free
singular cohomology. By naturality, ψYa∧Yb ◦ (ha ∧ 1) is null-homotopic, so ψYa∧Yb factors
through E˜(n)∗(Za ∧ Yb). Call this factorization f . Again by naturality, we have that f ◦
(1 ∧ hb) is null-homotopic, so f factors through E˜(n)
∗(Za ∧ Zb). This factorization is the
desired ϕZa∧Zb . This establishes the validity of conditions (i) and (ii) of Definition 2.9. It
remains to show the Kunneth isomorphism for ER(n)-cohomology. Notice that for E(n)-
cohomology, the Kunneth isomorphism is a straightforward consequence of Theorem 1.8
and Proposition 1.9 in [Wil99]. The Kunneth isomorphism for ER(n) then follows since
ER(n)∗ is finitely generated over Ê(n)∗ (with an obvious adjustment in the case when
n = 1). 
5. EXAMPLES
Wenow apply ourmain theorem to some examples. Aswewill see, the spacesK(Z, 2m + 1),
K(Z/2q, 2m) and K(Z/2,m) , and the connective covers BO,BSO,BSpin, B˜Spin are all part
of Landweber flat pairs with respect toE(n). In each of our examples, we use an auxiliary
space Y1 with the projective property together with an equivariant H-map h : Y −→ Y1
13
to produce the desired factorization ϕZ . Specifically, we will produce sequences of equi-
variant H-maps (where Z has trivial Z/2-action)
Z
i◦g
// Y
h
// Y1
satisfying the following properties:
Conditions 5.1.
(1) Y and Y1 are complete spaces with the projective property,
(2) The composite h ◦ (i ◦ g) is equivariantly null-homotopic,
(3) the sequence induces a left exact sequence of bicommutative Hopf algebras inMorava
K-theory, K(m)∗(−), for allm > 0.
These conditions will ensure that (Z, Y ) is a real pair as follows. Conditions (1) and (3)
show that Z has even Morava K(m)-homology for m > 0 (even Morava K-theory, for
short). It follows that E(n)∗(Z) is Landweber flat. We claim that the sequence of spaces
Z −→ Y −→ Y1 induces a right exact sequence of completed, graded E(n)
∗-algebras. We
will prove this from the following lemma, an application of [RWY98].
Lemma 5.2. Suppose that the sequence of spaces
X1
a
// X2
b
// X3
induces a right exact sequence (of K(m)∗-modules) in K(m)∗-cohomology for all m > 0, X2
and X3 have even Morava K-theory, and b ◦ a ≃ ∗. Then it induces a right exact sequence (of
E(n)∗(−)-modules) inE(n)-cohomology. The same is true if right exact is replaced by short exact.
Proof. Consider the cofiber sequence X1
a
// X2
c
// C(a) . Note that since a∗ is surjec-
tive in K(m)∗(−) for all m > 0, the above sequence must be short exact in K(m)∗(−),
and so C(a) has even Morava K-theory and c∗ must be injective in K(n)∗(−). It fol-
lows from [RWY98, Lemma 7.1] that c∗ is injective in E(n)∗(−). Hence, the sequence
X1 −→ X2 −→ C(a) is short exact in E(n)
∗(−).
Since b ◦ a ≃ ∗, we have a factorization of b through p : C(a) −→ X3. We claim that
p is surjective in E(n)∗(−). A diagram chase shows it is surjective in K(m)∗(−) for all
m > 0. Now consider the cofiber sequence C(a) −→ X3 −→ C(p). It must induce a
short exact sequence in K(m)∗(−) and so C(p) has even Morava K-theory. In particular,
in K(n)-cohomology we have a short exact sequence
0 // K(n)∗(C(p)) // K(n)∗(X3)
p∗
// K(n)∗(C(a)) // 0
Since the left hand map is injective in K(n)∗(−) and C(p) and X3 have even Morava K-
theory, applying [RWY98, Lemma 7.1] again shows that the left hand map is injective in
E(n)∗(−). It follows that the sequence C(a) −→ X3 −→ C(p) is short exact in E(n)
∗(−)
and in particular p∗ is surjective. Splicing X3 into the sequence X1 −→ X2 −→ C(a)
along p : C(a) −→ X3 gives us the right exact sequence in E(n)
∗(−) we desired. The
extension of this result to the short exact situation follows immediately using [RWY98,
Lemma 7.1]. 
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We now follow the proof of [RWY98, Theorem 1.9]. We construct the sequence
Z
i◦g
// Y
F :=(1,h)
// Y+ ∧ Y1
with F ◦ (i ◦ g) ≃ ∗. This must induce a right exact sequence (of K(m)∗-modules) in
K˜(m)∗(−) for allm > 0 by condition (3). Since Y and Y1 have the projective property, the
right two spaces have even Morava K-theory and so we may apply the above lemma to
obtain a right exact sequence in E˜(n)∗(−). We have a completed Kunneth isomorphism
(from the collapse of the Atiyah-Hirzebruch spectral sequence)
E˜(n)∗(Y+ ∧ Y1) = E(n)
∗(Y )⊗ˆIE(n)∗(Y1)
which shows Z −→ Y −→ Y1 induces a right exact sequence of completed, graded E(n)
∗-
algebras as desired.
We now have the following diagram:
E(n)2∗(Y1)
ψY1
∼=
//
h∗

E(n)∗(1−λ)(Y1)
i
//
h∗

ER(n)∗(1−λ)(Y
Z/2
1 )
h∗

E(n)2∗(Y )
ψY
∼=
//
(i◦g)∗

E(n)∗(1−λ)(Y )
i
//
(i◦g)∗

ER(n)∗(1−λ)(Y Z/2)
(i◦g)∗

E(n)2∗(Z)
∃ϕZ
// E(n)∗(1−λ)(Z) ER(n)∗(1−λ)(Z)
Exactness (as completed, graded algebras) of the left vertical column together with con-
dition (2) now yield the desired factorization ϕZ . It follows that (Y, Z) is a Landweber flat
real pair and so the conclusion of Theorem 2.6 applies.
Remark 5.3. As pointed out by the referee, it appears to the authors that condition (3)
above may be weakened by requiring the left exact sequence only for m = n (rather than
all m > 0). [RWY98, Lemma 5.1] implies Landweber flatness of E(n)∗(Z). Our Lemma
5.2 uses [RWY98, Lemma 7.1], which as stated requires even Morava K-theory (for all
m > 0). However, it seems that even K(n)∗(−) (only for the n of interest) may suffice.
Since the stronger assumption of even Morava K-theory holds for all of our examples
below, we do not pursue this point further here.
5.1. Eilenberg-MacLane spaces. For each of the spaces Z = K(Z, 2m + 1), K(Z/2q, 2m),
and K(Z/2,m), the spaces Y and Y1 will both be BP〈k〉l for suitable choices of integers
k and l. This proof is essentially a consequence of [RWY98]. We shall prove the result
in detail for K(Z, 2m + 1) and indicate the cosmetic changes required to prove the other
cases.
Define the map of equivariant infinite loop spaces:
δk : BP〈k − 1〉(2k−1)(1+α)+α −→ BP〈k〉(2k+1−1)(1+α)
given by the fiber of multiplication by vk:
vk : BP〈k〉(2k+1−1)(1+α) −→ BP〈k〉2k(1+α).
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Now consider the composite map δ defined as:
δ := δ2m−1 ◦ δ2m−2 ◦ · · · ◦ δ1 : BP〈0〉2mα+1 −→ BP〈2m− 1〉(22m−1)(1+α).
The space BP〈0〉2mα+1 is an equivariant model for K(Z, 2m + 1)with trivial Z/2-action up
to homotopy. The homotopy fixed point spectral sequence computing pi∗(BP〈0〉
hZ/2
2mα+1),
which collapses immediately since it is concentrated on a single line, thus yields that the
top degree homotopy group is Z(2) in degree 2m+1. The top stage of the Postnikov tower
for BP〈0〉
hZ/2
2mα+1 now gives a map K(Z, 2m + 1) −→ BP〈0〉
hZ/2
2mα+1 which splits the canonical
map BP〈0〉
hZ/2
2mα+1 −→ BP〈0〉2mα+1 = K(Z, 2m+ 1) uniquely up to homotopy.
We now choose our triple (Z, Y, Y1) to be(
K(Z, 2m + 1),BP〈2m− 1〉(22m−1)(1+α),BP〈2m− 1〉22m−1(1+α)
)
.
Note that Y and Y1 are complete, and thus the fixed points and homotopy fixed points
are equivalent. We define the map g : Z −→ Y Z/2 to be the splitting constructed above
followed by δ (followed by the equivalence Y hZ/2 ≃ Y Z/2):
K(Z, 2m + 1) // BP〈0〉
hZ/2
2mα+1
δ
// BP〈2m− 1〉
hZ/2
(22m−1)(1+α)
We choose h : Y −→ Y1 to be the unstable map induced by v2m−1-multiplication on the
level of spectra. Since v2m−1 ◦ δ is equivariantly trivial, condition (2) follows. Condition
(1) follows from [KW13, Appendix]. Finally, condition (3) is Proposition 1.16 in [RWY98].
This establishes the result for K(Z, 2m + 1).
The same argument works for K(Z/2q, m) when q ≥ 1 andm is even. Additionally, when
q = 1, the argument goes through for all m. We simply extend δ by the Bockstein δ0 :
(BP〈0〉/2q)mα −→ BP〈0〉mα+1:
δm−1 ◦ δm−2 ◦ · · · ◦ δ1 ◦ δ0 : (BP〈0〉/2
q)mα −→ BP〈m− 1〉(2m−1)(1+α).
We chose Y = BP〈m − 1〉(2m−1)(1+α) and Y1 = BP〈m − 1〉2m−1(1+α) and define g and h
as before. This observation establishes all other cases proving Theorem 1.3 for the first
family of examples.
Remark 5.4. This argument fails for K(Z/2q, 2m+ 1) for q > 1 because (BP〈0〉/2q )(2m+1)α
has nontrivial Z/2-action and so its homotopy fixed points do not have K(Z/2q, 2m + 1)
as a retract. The remaining Eilenberg-MacLane spaces are not so straightforward. In
fact, the results of [Lor16] and [KLW16a] show that the computations of ER(n)∗(CP∞)
and ER(2)∗K(Z/2q, 1) both involve actually making sense of Bockstein spectral sequence
differentials and do not follow from E(n)-cohomology by tensoring up.
5.2. Connective covers of BO. The spaces BU, BSU, and BU〈6〉 are equivariantly equiva-
lent to the spacesBP〈1〉1+α, BP〈1〉2(1+α) andBP〈1〉3(1+α), respectively. Again citing [KW13],
these spaces are complete and satisfy the projective property. They will be our choice of
Y . Their fixed points admit canonical H-maps from the spaces Z = BO, BSO, and B˜Spin
respectively. Thus one obtains a map g : Z −→ Y Z/2 for each of them. In each case, we
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choose Y1 = Y and take the self-map given by 1− c, where c denotes the generator of Z/2.
Our three sequences Z −→ Y −→ Y1 are given as follows:
BO
i◦g
// BP〈1〉1+α
1−c
// BP〈1〉1+α
BSO
i◦g
// BP〈1〉2(1+α)
1−c
// BP〈1〉2(1+α)
B˜Spin
i◦g
// BP〈1〉3(1+α)
1−c
// BP〈1〉3(1+α)
Since i ◦ (1− c) is equivariantly null-homotopic, the above sequences all satisfy condition
(2). For the first two sequences, condition (3) is [KLW04, Theorem 6.4].
To prove condition (3) for B˜Spin, we must unravel some results of [KLW04]. Forget-
ting the Z/2-action, the third sequence above is, in the notation of [KLW04], given by
a sequence B˜Spin −→ bu6 −→ bu6 which may be constructed by splicing together the
fibrations:
B˜Spin −→ bu6 −→ BSO2, and BSO2 −→ bu6 −→ BO4.
The second fibration above gives rise to a short exact sequence of evenly graded bicom-
mutative Hopf algebras in K(m)-homology for m > 0 by [KLW04, Theorem 2.3.6]. It
remains to show that the first fibration also gives rise to such a short exact sequence. To
do this we consider the following commutative diagramwith all rows and columns being
fibrations of infinite loop spaces:
K(Z, 3)

K(Z, 3) //

∗

B˜Spin //

bu6 //

BSO2
BSpin // bu4 // BSO2.
By [KLW04, Theorem 2.3.6], the MoravaK(m)-homology of the bottom row and the mid-
dle column give rise to short exact sequences of evenly graded bicommutative Hopf al-
gebras for m > 0. It follows that the Morava K(m)-homology of K(Z, 3) injects into the
Morava K(m)-homology of B˜Spin. Consequently, the left vertical fibration also gives rise
to a short exact sequence of evenly graded bicommutative Hopf algebras (see [KLW04,
Theorem 4.2 (ii)]). Furthermore, we also notice that the MoravaK(m)-homology of B˜Spin
injects into that of bu6. As before, it follows that the Morava K(m)-homology of the mid-
dle row must also give rise to a short exact sequence of evenly graded bicommutative
Hopf algebras form > 0.
From the above, we conclude that the spliced sequence, B˜Spin −→ bu6 −→ bu6, is left
exact inK(m)-homology form > 0. This proves condition (3) completing the proof of the
theorem for B˜Spin.
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It therefore remains to establish Theorem 1.3 for the case Z = BSpin. We first observe that
the H-map:
(1− c) : BSU −→ BSU,
descends to the (non-equivariantly) homotopy trivial map on K(Z, 4), along the map
given by the second Chern class. In particular, we have a (non-equivariant) lift of the
H-map:
(1− c)′ : BSU −→ BU〈6〉.
Recall that the space BSU = BP〈1〉2(1+α) is homotopy equivalent to a space with the pro-
jective property. In addition, the space BU〈6〉 = BP〈1〉3(1+α) is a space in the Omega
spectrum for the complete MU-module spectrum Maps(EZ/2+,BP〈1〉). It follows from
Theorem 2.6 that there is a unique equivariant lift of (1− c) : BP〈1〉2(1+α) −→ BP〈1〉2(1+α):
BP〈1〉3(1+α)

BP〈1〉2(1+α)
(1−c)′
77
♥
♥
♥
♥
♥
♥
♥
♥
♥
♥
♥ (1−c)
// BP〈1〉2(1+α).
We take our sequence to be
BSpin // BP〈1〉2(1+α)
(1−c)′
// BP〈1〉3(1+α)
As above, the right two spaces are complete and have the projective property. By [KLW04,
Theorem 6.4], this sequence satisfies condition (3). It remains to show condition (2). To
do this, it is sufficient to show that the following composite is null:
(1− c)′ ◦ i : BSpin −→ BP〈1〉
hZ/2
2(1+α) −→ BP〈1〉
hZ/2
3(1+α).
But notice that this is covered by
(1− c) ◦ i : BSpin −→ BP〈1〉
hZ/2
2(1+α) −→ BP〈1〉
hZ/2
2(1+α).
which is clearly null. It follows that the map (1 − c)′ ◦ i above factors through the space
X := BP〈0〉
hZ/2
1+2α. As above, the homotopy fixed point spectral sequence computing pi∗X
shows that the top homotopy group of X is in degree 3. It follows that any map from
BSpin to the space X is null. This completes the proof of Theorem 1.3.
5.3. Short exact sequences. Let us now establish the existence of the short exact se-
quences of completed algebras claimed in Theorem 1.8. Wewill make use of the following
lemma.
Lemma 5.5. Suppose the sequence Z3
a
// Z2
b
// Z1 induces a short exact sequence inE(n)-
cohomology, Z1 and Z2 are part of Landweber flat real pairs, and E(n)
∗(Z3) is Landweber flat.
Then it also induces a short exact sequence in ER(n)-cohomology.
Proof. The short exact sequence inE(n)∗(−) implies a short exact sequence on theE1-page
of the BSS. For each i, let Eˆ(n)∗(Zi) denote the hatted subalgebra of E(n)
∗(Zi) as above.
By Theorem 2.10 we have isomorphisms of spectral sequences E∗,∗r (Zi) = E
∗,∗
r (pt) ⊗Eˆ(n)∗
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Eˆ(n)∗(Zi) for i = 1, 2. For i = 3, note that we at least have this isomorphism on the E1-
page of the BSS, E∗,∗1 (Z3) = E
∗,∗
1 (pt) ⊗Eˆ(n)∗ Eˆ(n)
∗(Z3). Since a
∗ is a surjection, Eˆ(n)∗(Z2),
which consists of permanent cycles, maps onto Eˆ(n)∗(Z3). Furthermore, since Eˆ(n)
∗(Z3)
is Landweber flat, it follows that we in fact have an isomorphism of spectral sequences,
E∗,∗r (Z3) = E
∗,∗
r (pt) ⊗Eˆ(n)∗ Eˆ(n)
∗(Z3). Since a
∗ is a surjection on Eˆ(n)∗(−), it follows from
the previous statement that it is a surjection on each page of the BSS. Thus, we have a
short exact sequence of spectral sequences
0 // E∗,∗r (pt)⊗Eˆ(n)∗ Eˆ(n)
∗(Z1)
1⊗b∗
// E∗,∗r (pt)⊗Eˆ(n)∗ Eˆ(n)
∗(Z2)
1⊗a∗
// E∗,∗r (pt)⊗Eˆ(n)∗ Eˆ(n)
∗(Z3) // 0
In particular, we have a short exact sequence on the E∞-page. Using the Snake Lemma
and induction on filtrations (which are finite), we notice that this must represent a short
exact sequence of ER(n)∗-modules
0 −→ ER(n)∗(Z1) −→ ER(n)
∗(Z2) −→ ER(n)
∗(Z3) −→ 0

Without loss of generality, let us establish the existence of the short exact sequence of
completed algebras:
1 −→ ER(n)∗(K(Z/2, 3)) −→ ER(n)∗(B˜Spin) −→ ER(n)∗(BO〈8〉) −→ 1.
The remaining cases will follow exactly along the same lines. First notice that the proof
of the previous theorem (or [KLW04]) shows that we have the following short exact se-
quence of K(n)-algebras:
1 −→ K(n)∗(K(Z/2, 3)) −→ K(n)∗(B˜Spin) −→ K(n)∗(BO〈8〉) −→ 1.
Following the lines of the proof of [RWY98, Theorem 1.19], this gives rise to a short exact
sequence of (reduced)K(n)∗-modules:
0 −→ K˜(n)∗(B˜Spin+ ∧K(Z/2, 3)) −→ K˜(n)
∗(B˜Spin+) −→ K˜(n)
∗(BO〈8〉+) −→ 0,
where the map K˜(n)∗(B˜Spin+ ∧K(Z/2, 3)) −→ K˜(n)
∗(B˜Spin+) is induced by the diagonal
map on B˜Spin followed by the bottom cohomology class on the second factor. We may
use the fact that all spaces in the short exact sequence above have evenly graded K(n)-
cohomology and invoke Lemma 5.2 to see that one has a short exact sequence in (reduced)
E(n)∗-modules:
0 −→ E˜(n)∗(B˜Spin+ ∧K(Z/2, 3)) −→ E˜(n)
∗(B˜Spin+) −→ E˜(n)
∗(BO〈8〉+) −→ 0.
The above lemma now implies that we have a short exact sequence in ER(n)∗(−). Apply-
ing the Kunneth isomorphism of Theorem 2.13 completes the proof.
Remark 5.6. Note that the above argument does not use functoriality in the spaces Yi
corresponding to the Zi. In fact, we do not require Z3 to even be part of a Landweber flat
real pair (and we do not know of such a space in the case of BO〈8〉 for n > 2). A choice
of Yi gives a lift of the subalgebra Eˆ(n)
∗(Zi) of E(n)
∗(Zi) to a subalgebra of ER(n)
∗(Zi) of
the same name. In the case of Z3, we do not have such a canonically defined lift, and we
do not know of an isomorphism ER(n)∗(Z3) = ER(n)
∗ ⊗Eˆ(n)∗ Eˆ(n)
∗(Z3). Also, nothing in
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our proof requires the hatted subalgebra of ER(n)∗(Z1) to map to the hatted subalgebra
of ER(n)∗(Z2). We think of choosing a space with projective property Y corresponding
to a space Z as akin to choosing multiplicative generators. Our construction of the short
exact sequences is coordinate free in ER(n)∗(−).
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